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It is well known that every ﬁxed-point free homeomorphism of the real line is the time-one map of some
ﬂow, i.e., it is embeddable into a ﬂow (or brieﬂy, “ﬂowable”). The paper under review studies ﬂowability
of planar Brouwer (ﬁxed-point free orientation-preserving) homeomorphisms that preserve the leaves of
a Reeb foliation. The latter foliation is deﬁned as follows: there is an invariant straight strip whose
complement is foliated by parallel lines; the strip is foliated by parabola-like curves going to inﬁnity in
just one prescribed direction.
The boundary of the strip consists of two straight-line leaves ∆ and ∆′ . The main result of the paper
is Theorem 1.1, which yields a ﬂowability criterion for a homeomorphism f : R2 → R2 in terms of the
equivalence relation ≃f on ∆ × ∆′ generated by f .
By deﬁnition, (x, x′ ) ≃f (y, y ′ ), if there exist sequences xk → x, yk → y such that f k (xk ) → x′ and
f k (yk ) → y ′ . Theorem 1.1 is a very interesting result; it says that f is ﬂowable, if and only if the latter
equivalence relation satisﬁes just two very simple and explicit isochronicity matching conditions: the
four-point matching property and the eight-point matching property.
The main part of Theorem 1.1 says that each homeomorphism satisfying the above matching properties is
ﬂowable. To prove it, the authors ﬁrst construct the ﬂow on the Reeb strip boundary and then extend it to
the whole plane. It is well known that every ﬁxed-point free line homeomorphism f : R → R (R ≃ ∆, ∆′ )
can be embedded into inﬁnitely many diﬀerent ﬂows. The ﬁrst step of the proof (Proposition 2.1) shows
that each ﬂow is uniquely deﬁned by its induced equivalence relation on R × R: (x1 , y1 ) ≡ (x2 , y2 ) if
(x2 , y2 ) is a time-t ﬂow image of the pair (x1 , y1 ) for some t. The key part of the proposition provides
a simple and very explicit criterion for an equivalence relation to be induced by a ﬂow: a ﬂowability
criterion.
In the next step, the authors show that the above equivalence relation ≃f induces an equivalence relation
on ∆ × ∆ that satisﬁes the above ﬂowability criterion. This allows to prescribe a ﬂow generating f on
∆ ∪ ∆′ . Then it is extended to the whole plane. The continuity of the extended ﬂow on the closure of
the strip is ensured by the four-point matching property. At the end of the paper, the authors show that
both the four-and eight-point matching properties are necessary for ﬂowability.
Reviewer: Alexey A. Glutsyuk (Lyon)
MSC:
37E30
37E35

Dynamical systems involving homeomorphisms and diﬀeomorphisms of Cited in 3 Documents
planes and surfaces
Flows on surfaces

Keywords:
Brouwer homeomorphism; ﬂow; foliation; homeomorphism; plane; Reeb component
Full Text: DOI Link arXiv
References:
[1]

Andrea, S. A., On homeomorphisms of the plane, and their embedding in ﬂows, Bull. Amer. Math. Soc., 71, 381-383, (1965)
· Zbl 0125.40001 · doi:10.1090/S0002-9904-1965-11304-0

[2]

Béguin, F.; Le Roux, F., Ensemble oscillant d’un homéomorphisme de Brouwer, homéomorphismes de Reeb, Bull. Soc. Math.
France, 131, 2, 149-210, (2003) · Zbl 1026.37033

[3]

Godbillon, C., Fibrés en droites et feuilletages du plan, Enseignement Math. (2), 18, 213-224, (1972) · Zbl 0252.57007

[4]

Haeﬂiger, A.; Reeb, G., Variétés (non séparées) à une dimension et structures feuilletés du plan, Enseignement Math. (2), 3,
107-125, (1957) · Zbl 0079.17101

Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2021 FIZ Karlsruhe GmbH
Page 1

[5]

Jones, G. D., The embedding of homeomorphisms of the plane in continuous ﬂows., Paciﬁc J. Math., 41, 421-436, (1972) ·
Zbl 0218.54036

[6]

Jones, G. D., On the problem of embedding discrete ﬂows in continuous ﬂows, Dynamical systems II, Proc. int. Symp.,
Gainesville/Fla. 1981, 565-568, (1982) · Zbl 0549.58030

[7]

Kruse, R. L.; Deely, J. J., Joint continuity of monotonic functions, Amer. Math. Monthly, 76, 1, 74-76, (1969) · Zbl 0172.33304
· doi:10.2307/2316804

[8]

Le Roux, F., Classes de conjugaison des ﬂots du plan topologiquement équivalents au ﬂot de Reeb, C. R. Acad. Sci. Paris
Sér. I Math., 328, 1, 45-50, (1999) · Zbl 0922.58069 · doi:10.1016/S0764-4442(99)80010-X

[9]

Utz, W. R., The embedding of homeomorphisms in continuous ﬂows, Topology Proc., 6, 1, 159-177, (1981) · Zbl 0491.54035

This reference list is based on information provided by the publisher or from digital mathematics libraries. Its items are heuristically
matched to zbMATH identiﬁers and may contain data conversion errors. It attempts to reﬂect the references listed in the original
paper as accurately as possible without claiming the completeness or perfect precision of the matching.

Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2021 FIZ Karlsruhe GmbH
Page 2

