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In this paper, the author investigates the structure of the derived category of a toric variety. If X is a
projective toric variety with at most quotient singularities, and B is an invariant Q-divisor with coeﬃcients
of the form (r − 1)/r with r a nonnegative integer, then one can consider the smooth Deligne-Mumford
stack X associated to the pair (X, B), as in Y. Kawamata [J. Math. Sci. Univ. Tokyo 12, 211–231 (2005;
Zbl 1095.14014)]. The author shows that the derived category Db (X ) has a complete exceptional collection
consisting of sheaves.
In order to prove the result, the author considers a projective space, which is known to have a complete
exceptional collection. Using the toric minimal program, he then constructs a complete exceptional collection on any toric variety with at most quotient singularities. Indeed, by a covering trick he proceeds from
projective spaces to log Fano varieties. It is now enough to work out Mori ﬁber spaces: the presence of
multiple ﬁbres shows that boundary cases have to be taken into account, and this introduces the branch
divisor B into the picture. Even if a Mori ﬁber space can have singular ﬁbers, the associated morphism
of stacks is smooth. Then a careful study of “stacky” sheaves gives the required collection (which consists
indeed of sheaves) on any toric variety with at most quotient singularities.
Reviewer: Marcello Bernardara (Bonn)
MSC:
14M25
14F05
18E30

Toric varieties, Newton polyhedra, Okounkov bodies
Sheaves, derived categories of sheaves, etc. (MSC2010)
Derived categories, triangulated categories (MSC2010)

Cited in 3 Reviews
Cited in 43 Documents

Keywords:
toric varieties; derived categories; exceptional collection; toric minimal model program
Full Text: DOI
References:
[1]

A. A. Beilinson, Coherent sheaves on \(\mathbb P^n\) and problems of linear algebra, Funct. Anal. Appl. 12 (1978), 214–216.
· Zbl 0424.14003 · doi:10.1007/BF01681436

[2]

A. I. Bondal, Representations of associative algebras and coherent sheaves, Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989), 25–44
(Russian); English translation in Math. USSR-Izv. 34 (1990), 23–42. · Zbl 0692.18002 · doi:10.1070/IM1990v034n01ABEH000583

[3]

A. I. Bondal and M. M. Kapranov, Representable functors, Serre functors, and reconstructions, Izv. Akad. Nauk SSSR Ser.
Mat. 53 (1989), 1183–1205, 1337 (Russian); English translation in Math. USSR-Izv. 35 (1990), 519–541. · Zbl 0703.14011 ·
doi:10.1070/IM1990v035n03ABEH000716

[4]

A. I. Bondal and D. O. Orlov, Reconstruction of a variety from the derived category and groups of autoequivalences, Compositio Math. 125 (2001), 327–344. · Zbl 0994.18007 · doi:10.1023/A:1002470302976

[5]

T. Bridgeland, Equivalences of triangulated categories and Fourier–Mukai transforms, Bull. London Math. Soc. 31 (1999),
25–34. · Zbl 0937.18012 · doi:10.1112/S0024609398004998

[6]

——, \(T\) -structures on some local Calabi–Yau varieties, J. Algebra 289 (2005), 453–483. · Zbl 1069.14044 · doi:10.1016/j.jalgebra.2005.03.016

[7]

A. L. Gorodentsev, S. A. Kuleshov, and A. N. Rudakov, \(t\) -stabilities and \(t\) -structures on triangulated categories,
Izv. Ross. Akad. Nauk Ser. Mat. 68 (2004), 117–150 (Russian); English translation in Izv. Math. 68 (2004), 749–781. · Zbl
1062.18009

[8]

M. M. Kapranov, Derived category of coherent sheaves on Grassmann manifolds, Izv. Akad. Nauk SSSR Ser. Mat. 48 (1984),
192–202. · Zbl 0564.14023

[9]

——, On the derived category and \(K\) -functor of coherent sheaves on intersections of quadrics, Izv. Akad. Nauk SSSR
Ser. Mat. 52 (1988), 186–199 (Russian); English translation in Math. USSR-Izv. 32 (1989), 191–204. · Zbl 0679.14005 ·
doi:10.1070/IM1989v032n01ABEH000752

[10] ——, On the derived categories of coherent sheaves on some homogeneous spaces, Invent. Math. 92 (1988), 479–508. · Zbl
0651.18008 · doi:10.1007/BF01393744
[11] Y. Kawamata, E[q]uivalences of derived categories of sheaves on smooth stacks, Amer. J. Math. 126 (2004), 1057–1083. · Zbl

Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2021 FIZ Karlsruhe GmbH
Page 1

1076.14023 · doi:10.1353/ajm.2004.0036
[12] ——, Log crepant birational maps and derived categories, J. Math. Sci. Univ. Tokyo 12 (2005), 211–231. · Zbl 1095.14014
[13] Y. Kawamata, K. Matsuda, and K. Matsuki, Introduction to the minimal model problem, Algebraic geometry (Sendai, 1985),
Adv. Stud. Pure Math., 10, pp. 283–360, Kinokuniya and North-Holland, Tokyo and Amsterdam, 1987. · Zbl 0672.14006
[14] E. Macri, Some examples of moduli spaces of stability conditions on derived categories, preprint, math.AG/0411613. · Zbl
32.0004.03
[15] K. Matsuki, Introduction to the Mori program, Springer-Verlag, New York, 2002. · Zbl 0988.14007
[16] D. O. Orlov, Projective bundles, monoidal transformations, and derived categories of coherent sheaves, Russian Acad. Sci.
Izv. Math. 41 (1993), 133–141.
[17] M. Reid, Decomposition of toric morphisms, Arithmetic and geometry, vol. II, Progr. Math., 36, pp. 395–418, Birkhäuser,
Boston, 1983. · Zbl 0571.14020
[18] A. N. Rudakov, Rigid and exceptional vector bundles and sheaves on a Fano variety, Proceedings of the International Congress
of Mathematicians, vol. 1 (Zurich, 1994), pp. 697–705, Birkhäuser, Basel, 1995. · Zbl 0855.14001
This reference list is based on information provided by the publisher or from digital mathematics libraries. Its items are heuristically
matched to zbMATH identiﬁers and may contain data conversion errors. It attempts to reﬂect the references listed in the original
paper as accurately as possible without claiming the completeness or perfect precision of the matching.

Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2021 FIZ Karlsruhe GmbH
Page 2

