Nucci, M. C.; Leach, P. G. L.; Andriopoulos, K.
Lie
symmetries, quantisation and c-isochronous nonlinear oscillators. (English)

Zbl
1097.81042 

J. Math. Anal. Appl. 319, No. 1, 357-368 (2006).
A classical Hamiltonian system is usually quantized by applying a quantization rule to the Hamiltonian
governing the system. Among these rules the Weyl quantization scheme is often used because it always
yields an L2 -symmetric Schrödinger operator.
In the papers by F. V. Calogero and S. V. Graﬃ [Phys. Lett., A 313, No. 5–6, 356–362 (2003; Zbl
1038.81014)], F. V. Calogero [Phys. Lett., A 319, No. 3–4, 240–245 (2003; Zbl 1038.81013)], and F. V.
Calogero [J. Nonlinear Math. Phys. 11, 1–6 (2004; Zbl 1038.81015)] certain Hamiltonians of nonlinear
oscillators were studied that depend on a parameter c in such a way that the solutions are c-isochronous.
It was shown that under the Weyl quantization scheme, contrary to physical expectation the ground state
energy depends on c, and that it also changes if certain nonlinear autonomous transformations of position
and momentum are applied to the classical system. Starting with the simpler c-isochronous Hamiltonian
(
)
1 p2
+ cω 2 q 2
H=
2 c
and its canonical quantization
∂u ∂ 2 u
+
− c2 ω 2 x 2 u = 0
(1)
∂t
∂x2
the authors observe that here the ground state energy is independent of c. With respect to the same
transformations of position and momentum as considered in the articles mentioned above they show that
the ground state energies of the associated standard Weyl quantizations are diﬀerent and do depend on
c.
2ic

To remedy this deviation from physical expectation they devise a nonstandard quantization scheme that
yields Schrödinger equations with the same c-independent ground state energies as (1) possesses. This
scheme transforms (1) directly into diﬀerent equations instead of quantizing the transformed Hamiltonians. Another feature of these nonstandard quantizations is that the number of Lie point symmetries is
preserved across the transformations of position and momentum.
The authors argue that their results provide an incentive to search for nonstandard quantization procedures that preserve the number of Lie point symmetries, in order to obtain equations consistent with
physical expectations. They do not claim to have provided such a scheme in general.
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