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Let Pd,g be the universal Picard variety parametrizing line bundles of degree d on smooth curves of genus
g. The variety Pd,g is endowed with a natural forgetful morphism onto the moduli space of smooth curves
of genus g, Mg, and it is neither smooth nor projective. The paper under review is concerned with the
study of the birational geometry of Pd,g. The main results are the computation of the Kodaira dimension
and of the Itaka fibration of Pd,g for d and g satisfying the relation (d − g + 1, 2g − 2) = 1.
The main tool is Caporaso’s modular compactification ϕd : P d,g → Mg constructed via GIT in [L.
Caporaso, J. Am. Math. Soc. 7, No. 3, 589–660 (1994; Zbl 0827.14014)] and parametrizing certain line
bundles called balanced on quasistables curves, i.e., semistable curves whose exceptional components do
not meet. For d and g satisfying the relation (d − g + 1, 2g − 2) = 1, the GIT quotient is geometric and
P d,g has finite quotient singularities, which allows the authors to apply Reid-Tai’s criterion to show that
P d,g has canonical singularities. This implies that the Kodaira dimension of P d,g is equal to the Itaka
dimension of its canonical divisor KP d,g

, which, via a Grothendieck-Riemann-Roch computation, is shown
to be equal to ϕ∗

d(14λ − 2δ), where λ and δ denote the Hodge and the boundary classes on Mg.
By exploiting the properties of the map ϕd, which is a regular fibration, the authors then show that if
(d − g + 1, 2g − 2) = 1, the Kodaira dimension κ(P d,g) is equal to 0 for g = 10, to 19 for g = 11 and to
3g − 3 for g ≥ 12. Without the assumption on d and g the authors show that κ(P d,g) is bounded from
above by the previous numbers. For g ≤ 9, previous work of A. Verra in [Compos. Math. 141, No. 6,
1425–1444 (2005; Zbl 1095.14024)] yields that P d,g is unirational, so κ(P d,g) = −∞. In the particular
case when d = g, G. Farkas and A. Verra in [“The classification of universal Jacobians over the moduli
space of curves”, arXiv:1005.5354] used the global Abel-Jacobi map Mg,d/Sd → Pd,g to prove the same
results on κ(P g,g).
In the last part of the paper the authors also show that for g ≥ 12 and (d − g + 1, 2g − 2) = 1, then Pd,g

is birational to Pd′,g if and only if d′ is congruent to d mod 2g − 2.
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